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Abstract
In this paper, a new pose selection criterion for the
kinematic calibration of parallel mechanisms is pro-
posed. It enables one to take into account the mea-
surement noise amplification that may occur for par-
allel mechanisms, as well as the variation of ampli-
tude and anisotropy of the measuring device accuracy.
This new criterion is applied to vision-based calibration
of an Orthoglide mechanism, both in simulation, with
comparison to existing criteria, and experimentally.

1 Introduction

Compared to serial mechanisms, parallel structures
may exhibit a much better repeatability [1], but their
large number of links and passive joints often limits
their performance in terms of accuracy [2]. A kine-
matic calibration is thus needed. For such structures,
the inverse kinematic model can usually easily be de-
rived [1]. One method to perform calibration of a par-
allel structure is then to minimize an error between
the measured joint variables and their corresponding
values, estimated from the measured end-effector pose
and the inverse kinematic model [3]. This method
seems to be the most numerically efficient among the
calibration algorithms for parallel structures [4]. Nev-
ertheless, it is constrained by the need for accurate
measurement of the full end-effector pose (i.e. both its
position and its orientation). Some adapted measuring
devices have been proposed : laser tracking systems [5],
mechanical devices [6] or vision-based systems [7]. One
might notice that they all demonstrate an inhomoge-
neous accuracy in the measurement volume.
Determining the kinematic parameter values with a
good numerical accuracy requires to adequately choose
a set of mechanism configurations, which can be re-
lated to the exciting trajectory problem [8]. Moreover,
the parameter determination accuracy is also related
to the influence of the measurement uncertainties. In-
deed, the measurement noise is amplified according to

the numerical stability of the identification algorithm,
when applied to a set of measured end-effector poses.
The pose selection strategy for calibration has there-
fore a strong influence on the identification efficiency,
and this strategy must include measurement errors.
Nevertheless, we did not find in the literature a pose se-
lection criterion doing the latter in a satisfying way. In
this paper, we hence investigate the influence of mea-
surement errors in the context of parallel mechanisms,
in order to propose a new pose selection criterion to
achieve kinematic calibration.
In the second section, a brief state of the art on numer-
ical issues related to parallel robot kinematic calibra-
tion is given, with focus on the pose selection criteria
proposed in the literature. A new pose selection cri-
terion is then introduced in the third section, based
on the influence analysis of the kinematic singularities
and the measurement accuracy. In the fourth section,
the use of the proposed criterion is justified by sim-
ulation results on an Orthoglide mechanism. Finally,
in the fifth section, some experimental results on an
Orthoglide prototype [9] are presented.

2 State of the art

2.1 Identification cost function

Contrary to serial mechanisms, the inverse kinematic
model of parallel mechanisms can often be expressed
analytically [1]. It computes the joint variables qc as a
function of the end-effector pose X and the kinematic
parameter vector ξ. Zhuang et al. proposed [3] to
form, for any pose Xi, the following error

εi = q̃i − qc(X̃i, ξ) (1)

between the corresponding measured joint values q̃i

and the computed ones qc(X̃i, ξ), then to determine
the kinematic parameters by measuring, with an exte-
roceptive sensor, N different poses X̃i, i ∈ [1, N ], and
finally estimate ξ by the nonlinear minimization of the



following cost function with respect to ξ:

χ2(ξ) = εT ε, ε = (εT1 , ..., ε
T
N )T (2)

Wampler and Hollerbach [10] proposed an alternate
identification cost function, using a maximum likeli-
hood function. The a priori measurement accuracy
and its influence on the parameter identification are
taken into account simultaneously with the estimated
variance of the kinematic parameters. However, for
parallel mechanisms, kinematic parameters are often
related to assembly operations. In such a context,
a priori variance estimation of the parameters seems
therefore very tedious. In the following we hence prefer
not to use parameter variance estimation, and restrict
ourselves to cost functions based on (2).

2.2 Cost function scaling
To increase the cost function efficiency, scaling of pa-
rameters ξ and error ε may be achieved [11].

Parameter scaling. The parameter values have to
be scaled to improve the identification cost function
conditioning. Among the proposed scaling factors, the
extremal scaling value method [12] is the most often
employed. This scaling is of great interest, because it
is physically-based: it allows one to take into account
the influence of the parameters ξ on the joint variable
values.

Error scaling. A weighted identification cost func-
tion may be used to increase numerical efficiency:

χ2(ξ) = εT Wε (3)

It has been proposed [13] to use as a weighting matrix
W the covariance matrix Σε of the error estimated
from the a priori measurement uncertainties.
Σε is often chosen as a diagonal matrix so that the cost
function (3) will be expressed by:

χ2(ξ) = εw
T εw (4)

with Σε = DT D and εw = Dε. The covariance matrix
varies with the measurement poses.

2.3 Pose selection
The identification cost function is nonlinear with re-
spect to the kinematic parameters. The Levenberg-
Marquardt algorithm, very efficient numerically, can
be implemented to solve for the parameters. Close
to the identification cost function minimum, the algo-
rithm is equivalent to a Gauss-Newton optimization
method. From (4), the kinematic parameter vector
ξ is then iteratively determined by solving the linear
system :

JP
T JPdξ = JP

T εw (5)

where JP is the Jacobian matrix of the error with re-
spect to the kinematic parameters obtained by stack-
ing the Jacobian matrices associated to each measured
pose:

JPi =
∂εw(Xi, ξ)

∂ξ
, i ∈ [1, N ] (6)

It is well-known that, provided that the linear system
in (5) is not singular, its solution is uniquely obtained
by

dξ =
(
(JP

T JP)−1JP
T
)
εw (7)

However, these results are not sufficient from the nu-
merical point of view and it is necessary to handle er-
ror propagation. Indeed, in (7), εw is computed from
the pose X̃ measured with an exteroceptive sensor and
the measured joint variable q̃. Due to measurement
noise, an error δεw is introduced, which induces an
error δ(dξ) in the estimation of dξ:

‖δ(dξ)‖
‖dξ‖ ≤ Cond(JP)

‖δεw‖
‖εw‖ (8)

with Cond(JP) the condition number of the Jacobian
matrix JP, defined as the ratio σmax/σmin between the
extremal singular values, if this latter is not submitted
to the influence of measurement noise. The criterion

C1 = Cond(JP) (9)

is therefore used as a pose selection criterion by sev-
eral authors [14, 15, 16], since it is numerically more
relevant than the simpler criterion based on the de-
terminant [17]. Nahvi and Hollerbach [18] propose to
use the ratio between the condition number and the
smallest singular value σmin of JP:

C2 =
σmax

σ2
min

(10)

This criterion is more efficient than C1, as it enables
one to simultaneously ensure the cost function sensitiv-
ity to the parameters [18] and reduce the measurement
noise δεw influence, as δ(dξ) and δεw are related by:

‖δ(dξ)‖ ≤ σmax

σ2
min

‖δεw‖ (11)

In the next section, we outline some deficiencies of
these approaches, and propose a new pose selection
criterion to optimize kinematic calibration of parallel
mechanism using the inverse kinematic model.

3 A new pose selection criterion

3.1 Cost function selection

From a metrological point of view, pose determina-
tion is a complex process. Estimating the associated



measurement error statistical properties is therefore
difficult. In particular, for a vision-based measuring
device, the six pose components are determined simul-
taneously from a single calibration board image by a
non-linear optimization process [19]. An evaluation of
each pose component accuracy may be achieved, but
the accurate determination of the whole correspond-
ing pose measurement covariance matrix WX seems
too complex and tedious to estimate. The weighting
matrix W in (3) is a function of WX. The lack of a
priori knowledge of this latter matrix leads us to avoid
the use of W and therefore to consider the standard
least-squares cost function (2).

3.2 Pose selection criterion definition

A first-order approximation gives one the error δεi
committed on the error εi as a function of the pro-
prioceptive measurement noise bq and exteroceptive
noise bX :

δεi �
(
bq +

∂qc

∂X
(Xi, ξ)bX

)
(12)

Thus, the exteroceptive measurement noise is ampli-
fied by the inverse Jacobian matrix JX = ∂qc

∂X . More-
over, serial singularities [20] may occur, i.e. ∂X

∂qc
is

rank deficient, hence JX may have infinite singular
values. Near to such singularities, the exteroceptive
measurement noise has therefore a strong influence on
the identification cost function.
The error δε is not taken into account in the crite-
ria C1 and C2. The exteroceptive measurement noise
amplification is therefore not handled. We propose
then to select the poses for kinematic calibration by
minimizing the criterion C3, which quantifies the cost
function sensitivity to the parameters and the mea-
surement noise influence:

C3 =
σmax

σ2
min

‖δε‖sup (13)

with

‖δε‖sup =

√√√√ N∑
i=1

(
bqsup +

∣∣∣∣∂ε(Xi, ξ)
∂X

∣∣∣∣bXsup

)2

(14)

where the notation |.| stands for element-wise abso-
lute value and bqsup and bXsup may be either the
maximum measurement uncertainty, or the value cor-
responding to a predetermined confidence interval.
C3 includes C2. The cost function sensitivity to the
kinematic parameters is therefore taken into account.
In the same time, the upper-bound ‖δε‖sup of the δε
vector norm enables us to consider the measurement
noise influence on the error function.

No covariance matrix is needed: the error upper-bound
‖δε‖sup is only dependent on the measurement uncer-
tainty of each component but not on the whole mea-
surement covariance matrix. The criterion C3 can
therefore be computed from the a priori knowledge.
Moreover, the use of C3 enables one also to take into
account the noise amplitude variation in the working
volume by considering bqsup and bXsup dependent on
the pose.

3.3 Pose determination
Optimizing an experiment plan is a common issue in
identification. Many algorithms have been proposed
to construct an optimal plan according to a specified
criterion. In this paper, the DETMAX algorithm has
been used. It enables one a simple implementation
[21, 16], even if it does not provide us with any formal
guarantee of finding a global optimum.

4 Simulation results

The pose selection criterion is an upper-bound of the
measurement uncertainty influence. In order to eval-
uate the calibration improvement bound to the use
of the proposed criterion, some kinematic calibration
simulations are performed.
In this section, we are aiming at finding the best pose
set with respect to vision-based calibration of an Or-
thoglide mechanism. First, we recall the Orthoglide
inverse kinematic model, then test two measurement
configurations to evaluate the criterion interest.

4.1 Orthoglide parallel mechanism
Presentation. The Orthoglide mechanism [9] is a
three degree of freedom in translation parallel mech-
anism. Three linear actuators (Figure 1) ensure the
end-effector movement by means of articulated paral-
lelograms. The aim is to select the poses to calibrate
the prototype built at IRCCyN using a vision-based
measuring device. This measuring system, developed
at LASMEA [22], enables one to measure the pose of a
calibration board with respect to the camera, one be-
ing mounted onto the end-effector and the other being
fixed with respect to the mechanism base.

Modeling. The mechanism is composed of three
kinematic chains. To reduce the parameterization, the
joint locations on the base are expressed in the camera
frame RC (Figure 1). In the same way, the end-effector
location is defined by the calibration board frame ori-
gin M position. The parallelograms are modeled by
their equivalent links between the actuators and the
end-effector. Three loop equations can then be ex-
pressed :

‖AjBj‖2 = ‖AjO + OM + MBj‖2
, j ∈ [1, 3] (15)
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Figure 1: The kinematic parameters of the Orthoglide
mechanism.

with O the camera center of projection. The left side of
(15) is equal to the parallelogram length Lj. The right
side is computed in the camera frame. The vector OM
corresponds then to the measurement and one has:

AjO + MBj = AjA0j + A0jO + MBj

= A0jO + MBj − qjuj
(16)

with A0j the position of Aj when the joint encoder
value is equal to zero, uj the unit vector defining the
actuator orientation. One may notice that A0jO and
MBj can only be identified by their sum MBj

′ as
they remain constant in the workspace. Six parameters
are then necessary to define one kinematic chain: the
length Lj, the MBj

′ components and the angles ψj ,
θj defining the uj orientation.
The inverse kinematic model can then be expressed
from the second-order in qj equation:

qj
2 − 2Rqj + S = 0 (17)

with

R = (xMB′
j
−X)sin(θj)sin(ψj)

−(yMB′
j
− Y )sin(θj)cos(ψj) + (zMB′

j
− Z)cos(θj)

S = (xMB′
j
−X)2 + (yMB′

j
− Y )2 + (zMB′

j
− Z)2 − L2

j

The two solutions correspond to the two working
modes, and selection is easily achieved.
With such a modeling, the three kinematic chains can
be identified independently. For sake of clarity, only
the kinematic calibration of the chain parallel to xB

(Figure 1) is detailed in the next paragraph. To iden-
tify the six kinematic parameters and ensure the solu-
tion uniqueness [23], a seven poses set is optimized.

4.2 First measurement configuration

In this first measurement configuration, the workspace
corresponds to the one of the prototype. The simu-

Table 1: Pose optimization - Criteria values.

Optimizer C2 val. C3 val. E (mm)
First measurement configuration
C2 172 192 3.6
C3 172 192 3.6

Second measurement configuration
C2 15.9 110 2.2
C3 16 77 1.3
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Figure 2: Seven poses sets in the base frame, opti-
mized with C2 (crosses) and C3 (circles) for the first
measurement configuration. The camera center of pro-
jection is located in (300,−300, 430).

lated measurement accuracy results of a former eval-
uation of the vision-based measurement uncertain-
ties [19]. The accuracy is linearly dependent on
the distance between the camera, located outside the
workspace, and the calibration board. The position
measurement along the camera axis zC is considered
half as accurate as the other measurements, and accu-
racy varies between 0.13mm and 0.23mm in the mech-
anism workspace, in the xC and y

C
directions.

The seven poses are optimized according to the crite-
ria C2 and C3 (Table 1). For this configuration, the
optimized criteria values and poses are identical.
The calibration process is then simulated, using the op-
timized pose sets. For 1000 simulations, measurement
noise is generated and added to the poses, before cal-
ibrating the structure. The average error vector E of
the scaled parameters

E = Mean(‖ξidentified − ξmodel‖)
are equal in this first measurement configuration.

4.3 Second measurement configuration

The working volume is here considered only delimited
by the serial singularities. The noise increase with the
distance is chosen five times higher than in the pre-
vious model, to simulate a lower quality sensor: the
accuracy in the xC and y

C
directions varies between

0.18mm and 0.40mm in the workspace.
Now, the criteria values for the optimal pose sets are
disparate: the optimal pose set according to C3 has
a 30% lower value of C3 than the pose set optimized
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Figure 3: Seven poses sets in the base frame, opti-
mized with C2 (crosses) and C3 (circles), for the sec-
ond measurement configuration. The camera center of
projection is located in (300,−300, 430).

Table 2: Criterion values for the 18 poses set.

Kinematic chain X-Axis Y-Axis Z-Axis
Value of C3 312 286 366

according to C2 (Table 1). The optimal pose set ob-
tained with C3 is closer (Figure 3) to the camera than
the one obtained with C2: the corresponding average
distances between the poses and the camera are equal
to 526mm and 570mm.
Simulations confirm the need to take into account noise
amplification using C3: on 1000 simulations, the aver-
age error vector E is lowered by 41% using C3 com-
pared to the pose set optimized using the criterion C2.
This example shows us that taking into account the
noise propagation in the cost function through the use
of C3 may be necessary. It depends on the mecha-
nism workspace used during the calibration and the
measurement device. In this context, the simulation
results indicate that the use of C3 enables one a sig-
nificant calibration improvement.

5 Experimentation

5.1 Pose selection

Six poses are necessary to identify the six kinematic
parameters of each mechanism chain. To increase in-
formation redundancy, an eighteen poses set is opti-
mized to perform the three kinematic chains calibra-
tion. The corresponding C3 values are indicated in
table 2. One may notice that the term ‖δε‖sup is de-
pendent on the number of poses. The indicated C3 val-
ues are therefore not directly comparable to the values
obtained for seven poses sets.

5.2 Kinematic calibration

An experimentation was conducted on the Orthoglide
prototype (Figure 4), with fifty equally-spaced mea-
sured poses in the mechanism workspace. Among this
pose set, the eighteen end-effector poses which are the

Camera

Calibration
Board

Figure 4: Vision-based measuring device on the Or-
thoglide calibration.

Plane
End-Effector

tip

Figure 5: Validation using a kinematic constraint.

closest to the optimized ones are used for calibration.
The experimentation conditions correspond to the first
measurement configuration. No difference between the
use of C2 or C3 can therefore be distinguished. To eval-
uate the calibration improvement bound to the use of
an optimized pose set, the calibration is also performed
100 times using eighteen poses sets randomly selected
among the fifty measurements.

5.3 Validation

The accuracy improvement is evaluated by an inde-
pendent test. Indeed, the end-effector is manually con-
strained to follow a plane (Figure 5). The correspond-
ing joint actuator encoder values are stored. Using
either the a priori or identified parameters, the end-
effector positions are computed using a numerical di-
rect kinematic model. The physical set-up implies that
these poses should lie on a plane. Hence, the identifica-
tion efficiency is evaluated by computing the flatness of
the plane as the root mean square of the distances be-
tween the different positions and the plane estimated
by a least squares criterion.
Using the optimized pose set, a significant improve-
ment of the flatness is observed, with a reduction from
0.23mm to 0.08mm. The average flatness value ob-
tained from the 100 randomly generated pose sets is
equal to 0.1mm, and the standard deviation equal to
0.02mm. The use of an optimized pose set seeems to be
favorable experimentally to the calibration efficiency.

6 Conclusion

In this paper, a pose selection criterion has been pro-
posed for the kinematic calibration of parallel mecha-
nisms based on the inverse kinematic model. It takes
into account the measurement noise amplification that



may occur for such mechanisms, as well as the varia-
tion of amplitude and anisotropy of the measurement
device accuracy. It allows one to use a least-squares
identification cost function, as the a priori knowledge
about the measurement errors may be insufficient to
use a weighted least-squares cost function. This cri-
terion is then used in the case of a vision-based cal-
ibration of an Orthoglide prototype. By simulation,
the criterion efficiency has been outlined. It enables
one to perform kinematic calibration with the minimal
number of poses, for a constant accuracy improvement,
hence reducing the experimental procedure.
The same pose selection strategy will now be ap-
plied for other mechanisms and also developed for cal-
ibration methods different from the inverse kinematic
model method, such as the calibration by observation
of the mechanism legs.
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